In this paper, we introduce α − ψ type contractive mapping in rectangular metric space satisfying certain admissibility conditions and prove a fixed point result for such mapping in complete and Hausdorff rectangular metric space. Some examples are given to justify our result. Also we have shown that the existence of solution of a nonlinear fractional differential equation can be guaranteed, as an application of our result.
Introduction
There are several generalisations of metric space in the literature which were intended to extend fixed point results already known in ordinary metric space. One such generalisation was introduced by Branciari in 2000. He gave the notation of a generalized metric space (or rectangular metric space), in which triangular inequality is replaced by quadrilateral inequality. It differs from ordinary metric as 1. Rectangular metric need not to be continuous 2. In rectangular metric space, a convergent sequence need not to be a Cauchy sequence.
3. Rectangular metric space need not to be a Hausdorff space.
Samet et al. [6] introduced the concept of α − ψ− contractive mapping and proved fixed point theorems for such mappings. In [4] , Karapınar gave contractive conditions to obtain the existence and uniqueness of fixed point of α − ψ contraction mappings in the rectangular metric spaces. Salimi et al. [7] introduced modified α − ψ contractive mappings and obtained some fixed point theorems in complete metric space. Alsulami et al. [1] established some fixed point theorems for α − ψ−rational type contractive mappings in rectangular metric space.
Following this direction of research, in this paper we prove a new fixed point theorem for the admissible mappings in the context of rectangular metric spaces which enable us to establish the existence of solution of a nonlinear fractional differential equation satisfying integral boundary conditions.
Mathematical Preliminaries
Definition 2.1. [3] Let X be a nonempty set and let d : X × X → [0, ∞) satisfy the following conditions for all x, y ∈ X and all distinct u, v ∈ X each of them different from x and y. In the literature, some researcher use the notation of generalized metric space (or in short g.m.s) for rectangular metric space.
Definition 2.2.
[3] Let (X, d) be a rectangular metric space and {x n } be a sequence in X. Let Ψ be the family of all functions ψ : [0, ∞) → [0, ∞) such that ψ is nondecreasing and ψ n (t) < ∞ for each t > 0. If ψ ∈ Ψ, then for each t > 0 lim n→∞ ψ n (t) = 0 implies ψ (t) < t.
Definition 2.3. [7] Let T be a self mapping on a metric space (X, d) and let α, η : X × X → [0, ∞) be two functions. T is called an α−admissible mapping with respect to η if α (x, y) ≥ η (x, y) implies that α (T x, T y) ≥ η (T x, T y) for all x, y ∈ X. If η(x, y) = 1 for all x, y ∈ X, then T is called α-admissible mapping.
Main Results
Definition 3.1. Let {x n } be any sequence in X with α (x n , x n+1 ) ≥ η (x n , x n+1 ), for all n ≥ N and x n → x as n → ∞, implies that α (x n , x) ≥ η (x n , x), for all n ≥ N, then we say that X is α−regular with respect to η.
Theorem 3.2. Let (X, d) be a Hausdorff and complete RMS, and let T : X → X be an α−admissible mapping with respect to η. Assume that there exists continuous function ψ ∈ Ψ such that
where
Also, suppose that the following assertions are hold;
3. either T is continuous or X is α−regular with respect to η.
Then T has a periodic point a ∈ X and if α(a, T a) ≥ η(a, T a) holds for each periodic point then T has a fixed point. Moreover, if for all x, y ∈ F (T ), we have α(x, y) ≥ η(x, y), then the fixed point is unique.
Proof. By (1), there exists x 0 ∈ X such that
Define a sequence {x n } in X by x n = T x n−1 = T n x 0 for n = 1, 2, 3 . . . . If x n0+1 = x n0 for some n 0 ∈ N, then x = x n0 is a fixed point of T. Suppose that x n+1 = x n for all n ∈ N. Note that T is an α−admissible mapping with respect to η and consider (3.2), we deduce that
Continuing this process, we get
Here we give the proof by steps
Step 1: The sequence {d (x n , x n+1 )} is non-increasing and
In this instance, we have two cases.
, then from definition of ψ, we get the following contradiction
Hence we get {d (x n , x n+1 )} is a decreasing sequence of non-negative real numbers, that is,
Hence, there is r ≥ 0 such that lim
Also, we have lim
As ψ is continuous and non-decreasing, we have
since ψ ∈ Ψ this implies that r = 0, that is,
Step 2:
Thanks to (3.5), we have some obliteration, that is, we have
As a convenience, let
In here we have three cases. If
If M (x n−1 , x n+1 ) ≤ a n , then we see that
Thus, the sequence {d (x n , x n+2 )} is a decreasing sequence of non-negative real numbers and hence
Step 3: Now, we claim that T has a periodic point. Assume that T has no periodic point; then {x n } is a sequence of distinct points, that is, x n = x m for all m = n. In this case we will get that {x n } is a g.m.s Cauchy sequence. If not, then there exists some ε > 0 for which we can find two subsequences x m(k) and
Note that {x n } is a sequence of distinct points, then thanks to rectangular inequality, we have
Using rectangular inequality we have lim
3) and contractive condition we have
Again taking limit as n → ∞ and since ψ is continuous we get
It is clear that (3.10) is a contradiction. Hence, we conclude that {x n } is a g.m.s Cauchy sequence. Since, (X, d) is complete, then there exists z ∈ X such that {x n } is g.m.s convergent to z. In here we have two cases: Case 1: Let T be continuous, then
and since X is Hausdorff we have z = T z. Case 2: Let X be α−regular with respect to η.
Taking limit as n → ∞ in (3.12) and using continuity of ψ we get
which implies d(z, T z) = 0 and so z = T z. Hence T has a Periodic point.
Step 4: We claim that T has a fixed point. Note that there exists a ∈ X such that a = T p a. It is clear that a ∈ X is a fixed point of T for p = 1. We will prove that ϑ = T p−1 a is a fixed point of T in case of p > 1. If possible, assume the contrary, that is, let T p−1 a = T p a. As α(a, T a) ≥ η(a, T a) and T is α admissible w.r.t. η we have α(T n a, T n T a) ≥ η(T n a, T n T a) for all n ∈ N. Thus from the contractive inequality (3.1) we have
Continuing the process (3.15), we have the following contradiction;
Hence, the assumption that ϑ = T p−1 a is not a fixed point of T is not true. Consequently, T has a fixed point.
Step 5: Now, we show that the fixed point is unique. If possible, let ϑ, ϑ ∈ X be distinct fixed point of T . Then α(v, v ) ≥ η(v, v ). From the contractive inequality (3.1), we have
Return to (3.16), we have for all x, y ∈ X × X.
Then (X, d) is rectangular metric space. Also it is Hausdorff as
For our convenience we use following symbols
t then from the above table it is clear that d(T x, T y) ≤ ψ(M (x, y)) holds whenever α(x, y) ≥ η(x, y). Thus all the conditions of the above theorem are satisfied with ψ(t) = 4 5 t. Hence T has a unique fixed point.
In the next example we have a rectangular metric (X, d) which is not Hausdorff and a mapping T : X → X which even after satisfying all the conditions of our above Theorem do not have fixed point. η(x, y) = 2 for all x, y ∈ X × X.
Define T : X → X as
Using the notations as before we have
If we define ψ : [0, ∞) → [0, ∞) as ψ(t) = 3 4 t then from the above table it is clear that d(T x, T y) ≤ ψ(M (x, y)) holds whenever α(x, y) ≥ η(x, y). But T has no fixed point. η(x, y) = 1, x = 5, y = 7 3, x = 5, y = 7
Then (X, d) is rectangular metric space. Also it is Hausdorff. , y) ) holds whenever α(x, y) ≥ η(x, y). But here for the periodic point a = 5, the condition α(a, T a) ≥ η(a, T a) is not satisfied. As a result T has no fixed point.
If we take η(x, y) = 1 for x, y ∈ X we have following corollary Corollary 3.6. Let (X, d) be a Hausdorff and complete RMS, and let T : X → X be an α−admissible mapping. Assume that there exists continuous function ψ ∈ Ψ such that
2. for all x, y, z ∈ X, α(x, y) ≥ 1 and α(y, z) ≥ 1 implies α(x, z) ≥ 1 3. either T is continuous or if {x n } is any sequence in X such that α(x n , x n+1 ) ≥ 1 for all n ∈ N and x n → x as n → ∞ then α(x n , x) ≥ 1.
Then T has a periodic point a ∈ X and if α(a, T a) ≥ 1 holds then T has a fixed point. Moreover, if for all x, y ∈ F (T ), we have α(x, y) ≥ 1, then the fixed point is unique.
If we take α(x, y) = 1 for x, y ∈ X we have following corollary Corollary 3.7. Let (X, d) be a Hausdorff and complete RMS, and let T : X → X be an η-admissible mapping. Assume that there exists continuous ψ ∈ Ψ such that
.
1. there exists x 0 ∈ X such that 1 ≥ η(x 0 , T x 0 ), 2. for all x, y, z ∈ X, α(x, y) ≥ η(x, y) and α(y, z) ≥ η(y, z) implies 1 ≥ η(x, z)
3. either T is continuous or for any sequence {x n } be any sequence in X with 1 ≥ η(x n , x n+1 ), for all n ≥ N and x n → x as n → ∞, implies that 1 ≥ η(x n , x), for all n ≥ N.
Then T has a periodic point a ∈ X and if 1 ≥ η(a, T a) holds then T has a fixed point. Moreover, if for all x, y ∈ F (T ), we have 1 ≥ η(x, y), then the fixed point is unique.
If we take ψ(t) = kt where 0 < k < 1 then we have Corollary 3.8. Let (X, d) be a Hausdorff and complete RMS, and let T : X → X be an α−admissible mapping with respect to η. Assume that
1. there exists x 0 ∈ X such that α(x 0 , T x 0 ) ≥ η(x 0 , T x 0 ), 2. for all x, y, z ∈ X, α(x, y) ≥ η(x, y) and α(y, z) ≥ η(y, z) implies α(x, z) ≥ η(x, z)
3. either T is continuous or if {x n } is any sequence in X such that α(x n , x n+1 ) ≥ 1 for all n ∈ N and x n → x as n → ∞ then α(x n , x) ≥ 1.
Then T has a periodic point a ∈ X and if α(a, T a) ≥ η(a, T a) holds then T has a fixed point. Moreover, if for all x, y ∈ F (T ), we have α(x, y) ≥ η(x, y), then the fixed point is unique.
Application to Fractional Calculus
Here we give an application of Corollary 1 which guarantees the existence of solution for a nonlinear fractional differential equation considered in [2] (see also ([5] ). We will study the existence of solutions for the nonlinear fractional differential equation:
via the integral boundary conditions
where C D β denotes the Caputo fractional derivative of order β and f : [0, 1]×R → R is a continuous function. Consider the space X = C([0, 1], R), which is Banach space with supremum norm x ∞ = sup t∈[0,1] |x(t)|. We know that for a continuous function g : [0, ∞) → R, the Caputo derivative of fractional order β is defined as
where [β] denotes the integer part of the real number β and Γ is a gamma function. Now, we prove the following existence theorem.
Theorem 4.1. Let ξ : R × R → [0, ∞) be given function. Suppose that following conditions hold:
ψ(|a − b|) for all t ∈ [0, 1] and a, b ∈ R with ξ(a, b) ≥ 0, (ii) there exists x 0 ∈ X such that ξ(x 0 (t), T x 0 (t)) ≥ 0 for all t ∈ [0, 1], where the operator T : X → X is defined by
(iii) for each t ∈ [0, 1] and x, y ∈ X, ξ(x(t), y(t)) ≥ 0 implies ξ(T x(t), T y(t)) ≥ 0, (iv) if {x n } is a sequence in X such that x n → x in X and ξ(x n , x n+1 ) ≥ 0 for all n ∈ N, then ξ(x n , x) ≥ 0 for all n ∈ N.
Then, the problem (4.1) has at least one solution. This implies that for each x, y ∈ X with ξ(x(t), y(t)) ≥ 0 for all t ∈ [0, 1], we obtain that for all x, y ∈ X. Now, by using condition (iii), we get α(x, y) ≥ η(x, y) ⇒ ξ(x(t), y(t)) ≥ 0 ⇒ ξ(T x(t), T y(t)) ≥ 0 ⇒ α(T x, T y) ≥ η(T y, T y)
for all x, y ∈ X and hence T is α-admissible mapping with respect to η. Also, from (ii), there exists x 0 ∈ X such that α(x 0 , T x 0 ) ≥ η(x 0 , T x 0 ). Finally, from (iv) we get easily that condition (iii) of Corollary 1 holds true. Thus, as an application of our Corollary 1 , we deduce the existence of x * ∈ X such that x * = T x * and hence x * is a solution of the problem (4.1).
q.e.d.
Conclusion
In the area of fractional calculus, the study of fractional nonlinear differential equations and their applications have become a topic of high interest because it has been widely applied to resolve various problems that arise in several branches of science and engineering. As a consequence, many mathematicians tried to study this methods. In this paper, based on the present new concept of α − ψ type contractive mapping in rectangular metric space, we have studied fixed point results for such mappings and proved the existence theorems for nonlinear fractional differential equations for the integral boundary conditions.
